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Identification of Computational-Fluid-Dynamics Based
Unsteady Aerodynamic Models for Aeroelastic Analysis

Daniella E. Raveh∗

Technion—Israel Institute of Technology, 32000 Haifa, Israel

Three approaches for reduced-order modeling of computational-fluid-dynamics-(CFD) based unsteady aero-
dynamics, employing system-identification methods, are presented, and used for generation of three models: A
frequency-domain model, a time-domain autoregressive-moving-average model, and a discrete-time state-space
model. All models are identified based on the same identification data, which consists of the time histories of the
generalized aerodynamic forces developed in response to filtered white-Gaussian-noise modal excitation, computed
in a CFD analysis. The models are used for rapid flutter analysis via traditional frequency-domain methods, linear
stability analysis, and time simulation. The method is applied for flutter analysis of the AGARD 445.6 wing. The
filtered white-Gaussian-noise input is found to be applicable within the framework of CFD, yielding informative
identification data sets. The identification process is simple, and the resulting reduced-order models closely re-
produce the CFD system response to various excitations. Reduced-order model-based flutter analysis is rapid and
yields accurate results compared with wind-tunnel test, CFD, and linear aerodynamics results.

Introduction

I T is widely recognized that computational-fluid-dynamics (CFD)
methods hold significant advantages over linear panel methods in

their ability to accurately predict the nonlinear flowfields in the tran-
sonic flow regime. Yet, in spite of CFD advantages, the currently
most-used unsteady aerodynamic method for aeroelastic applica-
tions is the linear doublet-lattice method.1 A nonlinear aeroelastic
simulation can be carried out by direct coupling of the CFD and the
elastic structure equations and can be used for prediction of transonic
aeroelastic instabilities. However, such use of CFD-based aeroelas-
tic simulations is limited because of the typically large run times
associated with each simulation, and because aeroelastic instabil-
ities can only be predicted by performing many such simulations,
studying each transient for decaying or diverging responses.

Recently, significant research is carried out in the development
of reduced-order models (ROM). ROMs are simple models of the
system that capture, to some extent, the nonlinear flow character-
istics and are significantly more computationally efficient than the
full CFD simulation. Characteristically, the “system” for which a
ROM is sought is the aerodynamic system whose outputs are the
unsteady aerodynamic forces that develop in response to structural
elastic motions (the input). The aerodynamic ROM can be coupled
with the structural model for aeroelastic analysis, either by replacing
the full CFD solution in a time-marching simulation, or in stability
analysis. Reviews of current reduced-order modeling approaches
can be found in Refs. 2–4.

Linearized ROMs are very widespread among existing ap-
proaches, as they can be used directly with common linear flutter
analysis tools. Linearized reduced-order modeling approaches rely
on linearization of the nonlinear unsteady aerodynamic flow equa-
tions, assuming that the amplitude of the unsteady motion is limited
to small perturbations about the nonlinear steady-state flow condi-
tion. Although linearized, these ROMs have considerable advantage
over linear models, as they retain the nonlinear features of the main
flow about which they are generated. These linearized models can
be used in aeroelastic simulations, in stability analyses to predict
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flutter boundaries or in aeroservoelastic analyses. Linearized ROM
can offer major improvement to the current practice of aeroelastic
and aeroservoelastic analyses, provided that they can be derived in a
practical manner that is applicable to the analysis of realistic aircraft
configurations.

Various approaches to linearized ROMs can be found in the lit-
erature. Examples are the use of indicial responses by Ballhaus
and Goorjian,5 the pulse transfer-function analysis by Lee-Rausch
and Batina,6 and the use of the Volterra theory as proposed by
Silva,7 retaining only the first linear kernel by Raveh et al.8 The
just-mentioned approaches result in frequency-domain ROMs. Di-
rect identification of discrete time-domain models was proposed
by Cowan et al.9,10 [an auto regressive-moving-average (ARMA)
model identified from CFD response to a 3211 signal] and recently
by Silva and Bartels11 (a state-space model from CFD impulse
responses).

The current study considers several methods for ROM identifica-
tion, which result in three types of models: 1) a frequency-domain
model, 2) a discrete time-domain ARMA model, and 3) a discrete
time-domain state-space model. The identification of all models
uses the same identification data, which consists of the time histo-
ries of generalized aerodynamic forces developed in response to a
white-Gaussian-noise modal excitation, computed in a CFD run.

The method is applied to the AGARD 445.6 wing, a standard
test case for transonic unsteady aerodynamic methods.12 The aero-
dynamic ROMs are coupled with the structural model, and flutter
boundaries are determined, using frequency and time-domain meth-
ods. Flutter results are compared to those from wind-tunnel tests and
to flutter results based on linear aerodynamics. The accuracy and
ease of implementation of the various models are evaluated and
discussed.

Methodology
Reduced-Order Modeling

The aeroelastic CFD system, which consists of the flow equations
and boundary conditions, is regarded as a dynamical system. The
system’s inputs are the modal motions of the structure, which are
prescribed as time-dependent boundary conditions, and the outputs
are the generalized unsteady aerodynamic forces (GAFs) that de-
velop in response to the modal motions. For small-amplitude modal
motions, the CFD system’s response is linear, and linearized ROMs
are identified.

The identification data consist of modal input–output time his-
tories. The assumption of linearity implies that the response to a
certain modal motion is independent of other modal motions. Thus
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it is possible to excite the modes one at a time and either 1) identify
a separate ROM for the response to each mode, in which case the
system’s response to an input that is a combination of modes can be
obtained as a superposition of responses; or 2) concatenate the data
sets to obtain a data set of responses to all modes, and identify one
multiple-input/multiple-output (MIMO) ROM.

Three identification methods are described next; 1) identification
of a frequency-domain model, 2) identification of a discrete time-
domain ARMA model, and, 3) identification of a discrete time-
domain state-space model.

Frequency-Domain ROM
The aeroelastic equation of motion in generalized coordinates is

stated as

G M ξ̈ + G K ξ − q FA(t) = 0 (1)

where G M and G K are the generalized mass and stiffness matri-
ces, respectively, and FA is the vector of generalized aerodynamic
forces normalized by the dynamic pressure q . The generalized aero-
dynamic forces are dependent on the structural deformations, their
time histories, and on the time histories of the generalized aero-
dynamic forces themselves. Traditional frequency-domain flutter
methods are based on the assumption that, at the flutter point, the
modal motions are simple harmonic motions, so that Eq. (1) can be
written as

[−ω2
f G M + G K − q f G AF(k)

]
ξ = 0 (2)

where k is the reduced frequency defined as k = ωb/U , ω is the
physical frequency, and b and U are the reference semichord and
velocity, respectively. G AF(k) is the matrix of complex generalized
aerodynamic force coefficients, in which the i th column represents
the generalized forces in all modes caused by a unit-amplitude har-
monic motion of the i th mode. Frequency-domain GAF models
consist of the complex GAF matrices at distinct values of reduced
frequencies. They can be used in Eq. (2), in frequency-domain flut-
ter analyses, such as the k, p–k, and g methods (see Chap. 7 of
Ref. 13).

Based on some identification data, frequency-domain GAF mod-
els can be identified from either Fourier or spectral analysis. Lee-
Rausch and Batina6 applied a Fourier analysis to estimate the GAF
frequency response from a data set containing the CFD system’s
response to a smoothly varying exponentially shaped input signal.
The GAF frequency response was obtained by taking the Fourier
transform of the output signal divided by the Fourier transform of
the input signal.

A drawback of the preceding approach (Fourier analysis) is that
the frequency response is not necessarily a smooth function of the
frequency. This is because this type of modeling does not impose
any model structure and does not assume anything about the system
(except for its linearity). In fact, as shown in the Results section,
the frequency response can be erratic, depending on the input sig-
nal. A smooth frequency response is obtained by means of spectral
analysis, as follows. The frequency response is calculated by taking
the estimated cross spectral density of the input and output signals
Pξ FA (k), divided by the power spectral density (PSD) of the input
signal Pξξ (k), according to:

G AF(k) = Pξ FA (k)

Pξξ (k)
(3)

where improved estimates of the spectral densities Pξξ (k) and
Pξ FA (k) are obtained by Welch’s averaged modified periodogram
method.14 In Welch’s method, the signals are divided into segments
and “windowed” by a weighting function. Discrete Fourier trans-
form (DFT) is performed on each segment, and the magnitude of
the DFT is squared to provide the segment’s PSD. The PSDs of
the segments are averaged to provide the modified, smoothed PSD
of the signal. This method is implemented in MATLAB’s® Signal
Processing Toolbox.15

The resulting GAF is a smooth function of the frequency, spec-
ified at distinct k values. Using the preceding approach, the GAF
matrices can be evaluated at many reduced frequency values, with
very little computational cost. This is an important feature for flutter
analysis, in which interpolation between various reduced frequen-
cies is typically necessary.

Time-Domain ARMA Model
The GAF ARMA model relates the generalized aerodynamic

forces to the modal displacements at the current and previous time
steps and to previous time-step values of the generalized forces.
For a single mode case (single input single output), it assumes the
following model structure:

FA(n) = −a1 FA(n − 1) − a2 FA(n − 2) − · · · − ana FA(n − na)

+ b0ξ(n) + b1ξ(n − 1) + · · · + bnb ξ(n − nb) (4)

where ξ and FA are the generalized modal displacements and the
generalized aerodynamic forces normalized by the dynamic pres-
sure, n is the discrete time variable, na and nb are the model orders
that are determined by the user, and a1 · · · ana , b0, b1 · · · bnb are the
model parameters to be estimated.

From Eq. (4), the predicted output F̂A can be posed as

F̂A = H T (n)θ̂ (5)

where H is the regression vector:

H = [−FA(n − 1) − FA(n − 2) · · · − FA(n − na)ξ(n)ξ(n − 1)

· · · ξ(n − nb)]
T (6)

and

θ̂ T = [
a1 a2 · · · ana b0 b1 · · · bnb

]
(7)

and the prediction error F̃A is defined as

F̃A = FA − F̂A = FA − H T (n)θ̂ (8)

where FA is the measured output. The parameters that minimize the
prediction error of Eq. (8) in a least-square sense are given by (see
Chap. 7.3, pp. 203–211 of Ref. 16):

θ̂ = arg min

{
1

N

N∑

n = 1

F̃2
A

}

= (H T H)−1 H T FA (9)

where N is the training data length.
For the MIMO case, Eq. (4) becomes

{FA(n)} = −[a1]{FA(n − 1)} − [a2]{FA(n − 2)} − · · · − [ana ]

× {FA(n − na)} + [b0]{ξ(n)} + [b1]{ξ(n − 1)}

+ · · · + [
bnb

]{ξ(n − nb)} (10)

where the i, j element of matrix [ak], k = 1 . . . na relates the output
of the i th mode to the output of the j th mode at time (n − k); and
the i, j element of matrix [bk], k = 0 . . . nb relates the output of the
i th mode to the input of the j th mode at time (n − k). In this study it
is assumed that the i th mode generalized force is dependent on past
values of the i th generalized force only, thus making matrices [ak],
k = 1 . . . na diagonal. In the MIMO case the least-square estimate
minimizes the norm of F̃ T

A F̃A.
Because the identification of model parameters from Eq. (9) is

quick, several model orders can be tested to arrive at the best model
order. The ARMA model of Eq. (4) can be used with a discrete-time
version of the aeroelastic equation [Eq. (1)] for rapid aeroelastic
simulations at various values of dynamic pressures.
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Discrete-Time State-Space Models
The state-space discrete-time model of the aerodynamic forces

assumes the following model structure:

xA(n + 1) = AAxA(n) + BAξ(n)

FA(n) = CAxA(n) + DAξ(n) (11)

The matrices AA, BA, CA, and DA can be estimated by using sub-
space methods based on least-squares techniques (see Chap. 7.3,
pp. 203–211 of Ref. 16), as implemented in the MATLAB’s System
Identification toolbox.17 Alternatively, a state-space aerodynamic
model could also be specified based on the ARMA model, as pro-
posed in Ref. 10. In that case, the states have a physical significance,
that is, they are the previous-time aerodynamic forces and general-
ized displacements.

Time-Domain Flutter Analysis
The structure equation of motion, Eq. (1), can be written in state-

space form as

ẋS(t) = AS xS(t) + q BS FA(t)

ξ(t) = CS xS(t) + q DS FA(t) (12)

where

xS(t) =
{

ξ

ξ̇

}
(13a)

AS =
[

0 I

−G M−1G K 0

]
, BS =

[
0

G M−1

]
(13b)

CS = [I 0], DS = [0] (13c)

and in discrete-time state-space form as18

xS(n + 1) = ĀS xS(n) + q B̄S FA(n)

ξ(n) = CS xS(n) (14)

where

ĀS = eAS T , B̄S =
∫ T

0

eASτ dτ BS (15)

Equation (14) is coupled with the aerodynamic discrete state-space
model, Eq. (11), to yield the coupled aeroelastic system equation:

{
xS(n + 1)

xA(n + 1)

}
=

[
ĀS + q B̄S DACS q B̄SCA

BACS AA

]{
xS(n)

xA(n)

}

ξ(n) = [CS 0]

{
xS(n)

xA(n)

}
(16)

Linear stability analysis can be applied to compute the flutter char-
acteristics of the aeroelastic system of Eq. (16).

Excitation Signal
Two types of input signals are implemented in this study. The

basic signal is a numerically generated random time series (will be
referred to as random), and the second signal is a filtered random
time series with Gaussian distribution (will be referred to as filtered
white Gaussian noise, or FWGN). In the latter, filtering is applied
to control the range of excited frequencies, such that any frequency
spectrum of interest can be excited. The basic random signal is
generated in the CFD code, during the run, while the FWGN is
generated offline, in MATLAB, and read as an input to the CFD
run. Both signals are limited to small amplitudes. It will be shown
in the numerical example section that both signals are applicable
within the framework of CFD and provide adequate identification
data.

Once the input signal is selected, a key objective is to determine
the sampling rate and the required length of the data, such that all
signals within the frequency range of interest are well characterized.
Because the excitation is applied to the CFD system, which by itself
is a discrete-time system, the intervals at which the excitation is
applied and the system is sampled, correspond to the CFD time step
�t . The sampling rate is therefore fs = 1/�t , from which signals
of frequencies of up to half the sampling rate, denoted by fNyq,
can be reconstructed (based on the Nyquist Theorem, see Chap.
13.7, pp. 444 and 445 of Ref. 16). Because in CFD analyses the
typical time steps are very small, the maximum frequency that can
be identified is high and exceeds the typical frequency range of
interest for aeroelastic problems.

The frequency resolution of a length-N data set, given by fNyq/N ,
should be adequate for the representation of the lowest frequencies
of interest of the aeroelastic problem. Therefore, the sampling in-
terval and the length of the sampled signal (the number of sam-
ples) need to be adjusted to fit the desired frequency range and
resolution.

In the current application, the CFD time step was set to �t = 0.05
nondimensional seconds (nd-s), based on stability limits of the CFD
scheme. This is the largest possible time step for the numerical
scheme and the specific test case. From this sampling interval,
nondimensional frequencies of up to fNyq = 10(cyc/nd-s) can be
reconstructed. A nondimensional frequency of 10(cyc/nd-s) cor-
responds to a dimensional frequency of 11164 Hz (computed by
fnd = f × L ref/ainf using the reference sea-level speed of sound
ainf = 1116.4 ft/s and a reference length of L ref = 1 ft). For the
AGARD 445.6 wing, the frequency range of interest is bounded
by the fourth and highest structural mode at f = 91.5 Hz; thus, it
is clear that this sampling rate is sufficiently small, and it can be
assumed that all of the frequencies of interest are well represented
in the data.

The CFD response was recorded over as many as N = 213 time
steps, providing a frequency resolution of 0.0012 cyc/nd-s, or 0.7Hz.
This length of the response is relatively large and requires significant
computational time. It will be shown in the numerical example that
while the frequency-domain models require large data sets, in the
order of 211 samples, for accurate identification of the low-frequency
range, time-domain models require much shorter data sets, as short
as 27 to 29 points, for accurate model identification.

Numerical Test Case
The proposed ROM methodology of this study is demonstrated

with the AGARD 445.6 wing. The AGARD 445.6 wing was tested
for flutter characteristics in the Transonic Dynamic Tunnel at NASA
Langley Research Center12 and was used as a test case in many
studies of transonic aerodynamics.6,8,9

The flow is analyzed using the in-house Elastic Zonal Navier–
Stokes Simulation (EZNSS) code.19 EZNSS is a time-accurate im-
plicit finite-difference code, based on the Beam and Warming algo-
rithm, which is capable of analyzing the static and dynamic flow-
fields over a maneuvering elastic vehicle.20 The problem setup is
described in detail in Ref. 8. The CFD mesh is one of typical size
for the problem at hand (wing only) and the CFD method (Euler).
Initial analysis provided the steady-state inviscid flow field at several
Mach numbers, at a zero angle of attack. In the lack of wind-tunnel
pressure measurements for the AGARD 445.6 wing, comparison
to results obtained with other codes served as a verification of the
EZNSS results.8 It is within the philosophy of the current study
approach to demonstrate that a typical grid can serve for the iden-
tification process, and there is no need for a special, dense grid for
this task.

The structural modal model of the wing consists of four elastic
modes that can be characterized as first bending, first torsion, second
bending, and second torsion.8,12 An EZNSS time-stepping analysis
provided the time histories of the GAFs in all four modes that de-
veloped in response to excitation of each mode. These responses
served as the identification data sets, from which the various GAF
ROMs were generated.
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Fig. 1 Power spectral densities of the random excitation signal and the GAF response: heave mode, Mach 0.3.

Frequency-Domain GAF ROM
As a preliminary study, a ROM was identified for the GAF that

develop in response to a rigid-body heave motion, at Mach number
of 0.3. This case represents an attempt to perform the simplest possi-
ble identification task. The identification is of a single-input/single-
output system (SISO); the aerodynamic response to the heave mode
is associated only with the velocities of the prescribed motions (and
not with the velocities and displacements as would be the case for
the other modal motions); and the choice of low transonic Mach
number ensures that the physics of the problem is linear.

The first data set consists of the response of the CFD system to a
random excitation of the heave mode. The amplitude of the excita-
tion signal was limited to ξ = ± 0.001. The physical displacements
at the wing surface grid points {u} were calculated by a modal trans-
formation {u} = {φh}ξ , in which {φh} is the heave mode described
in the wing’s surface grids. The heave mode was normalized such
that a modal displacement of 1 corresponds to a physical displace-
ment of 1 in. Therefore, a modal displacement bounded between
ξ = ± 0.001 corresponds to a physical displacement bounded be-
tween ±0.001 in. This way, the grid displacements and velocities
are kept small, in accordance with the basic assumption of small
perturbations about the steady-state flow conditions.

Figure 1 presents the PSD of the input random signal and its
response, in the frequency range of 0–200 Hz. The dashed line
represents the PSD of the raw data, and the full line represents
the smoothed PSD that was computed by Welch’s modified peri-
odogram method, using eight nonoverlapping segments. A correla-
tion can be observed between the excitation and the response, and
the coherence function for the raw data equals to one, indicating
that the signal shown in the lower plot is indeed a response to the
excitation signal shown in the upper plot, and not to spurious excita-
tion. The coherence function, which is a measure of the correlation
between two signals, is defined as

Cξ FA (k) = |Pξ FA (k)|2
Pξξ PFA FA

(17)

Figure 2 presents the GAF frequency response, computed from
the random data set, as real and imaginary parts of the complex
frequency response. The dashed line corresponds to the frequency
response evaluated from PSDs of the raw data, whereas the full
line was computed using the smoothed PSDs. The starts in Fig. 2

are from direct frequency analysis and serve as a reference for the
GAF frequency response. The direct frequency analysis is based on
a time-marching CFD analysis in which only one frequency is ex-
cited. After the transient response decays, the gain and phase shift
between the output and input are evaluated, and the process is re-
peated for several frequencies within the frequency band of interest.
Figure 2 shows a match between the ROM (based on the random
data) and direct frequency analysis, indicating that the random data
set is informative. The frequency response evaluated from the raw
data is erratic and cannot be used, as it is, for further analyses. The
frequency response based on the smoothed PSDs is a smooth func-
tion of the frequency and captures very well the system’s response
at the frequencies tested (the stars).

Figure 3 presents a GAF frequency response evaluated from the
data set of response to FWGN input signal. The FWGN input signal
was created by taking a numerically generated random time series
with Gaussian distribution and filtering it to include frequencies of
up to 0.1 the sampling frequency. As mentioned before, the input
signal corresponds to time intervals of 0.05 nd-s, that is, sampling
frequency of 20 cyc/nd-s, or approximately 22,000 Hz. Filtering
the signal to 0.1 of the sampling frequency still leaves very large
frequency content in the signal (Nyquist frequency of about 1100
Hz), over 10 times the highest frequency of interest.

The frequency response of Fig. 3 is smooth and captures well
the system’s frequency response, indicating that the FWGN signal
is well suited for purpose of identification of frequency response
models. Therefore, the following identification data sets of this study
are all based on FWGN input signals.

This ROM identification approach was applied to the identifica-
tion of GAFs of the four elastic modes of the AGARD 445.6 wing.
Figure 4 presents the GAF complex transfer function correspond-
ing to Mach 0.9 as real and imaginary parts (the full and dashed
lines, respectively). The Aij plot corresponds to the i th mode gen-
eralized aerodynamic force coefficient that develops in response to
excitation of the j th mode, as a function of the excitation reduced
frequency. The stars present the results of direct frequency analy-
sis and serve as the reference data. The ROM matches very well
the direct response. From Fig. 4 it can seem like the ROM does
not capture the responses of the third mode to excitations of the
first and second modes very accurately. However, the amplitudes of
these responses are an order of magnitude smaller than the ampli-
tudes of the other modes GAFs to the same excitations. Overall the
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Fig. 2 Comparison of ROM and direct frequency response: heave mode, Mach 0.3, random excitation.

Fig. 3 Comparison of ROM and direct frequency response: heave mode, Mach 0.3, FWGN excitation.

GAF ROM seems to be a very good representative of the system’s
behavior.

The identification of the GAFs of Fig. 4 was based on a data set
of 213 points, that is, the response of the CFD to the excitation was
recorded over 213 time steps (CFD iterations). Reducing the data
length to 211 resulted in GAF matrices similar to those of Fig. 4;
however, reducing the data length below 211 deteriorated the quality
of the GAFs. The required data length is important, especially for
realistic aeroelastic analysis, in which many modes are involved.
For the current case, the computational time for running CFD re-
sponses for a four mode, 500K grid points, 211 time steps, one Mach
number, is small, approximately 1 h on 12 MIPS R10000 250-MHz

processors. For more realistic cases the computational time required
for preparing the identification data can be significant.

Figure 5 compares the GAFs of the first two elastic modes to
those computed by ZAERO’s linear aerodynamic panel method (see
Chap. 3 of Ref. 13). The resemblance of the CFD and linear aerody-
namic responses point out that the case at hand is not highly linear.

The GAF ROM just identified is a nonparametric model, in which
the complex transfer function is provided at a number of reduced fre-
quencies defined by the user. An advantage of this model is that the
GAF matrices can be evaluated at many reduced frequencies, with-
out significant computational cost. Compared to the time-domain
nonparametric models, such as the step/impulse response of Ref. 8,
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Fig. 4 GAF of the first four elastic modes: as real (——) and imaginary (– – –) parts Mach 0.90.

Fig. 5 Comparison of CFD-based GAFs (——) and linear GAFs (– – –) for the first two elastic modes: Mach 0.90.

where the evaluation of GAF at a single reduced frequency required
applying convolution summation, this model has the advantage that
the GAFs are readily available, from spectral analysis, at as many
frequencies as desired. The data length is not an upper limit for the
number of frequency points. If the GAFs are desired in a number
of frequencies larger than the number of data points, the data are
padded with zeros for the spectral analysis.

Frequency-Domain Flutter Analyses
The GAF ROM of Fig. 4 was used to evaluate the flutter character-

istics of the AGARD 445.6 wing, at Mach 0.9, via a k-method flutter

analysis implemented in a MATLAB routine, and via a g-method
flutter analysis in ZAERO (see Chap. 7 of Ref. 13). Figure 6 shows
k-method ω − V − g plot. The plot is presented in order to demon-
strate the benefits of having GAFs available at many reduced fre-
quencies (at almost no computational cost), which results in smooth
ω − V − g curves and minimal need for interpolations.

Flutter characteristics from both k- and g-method analyses are
summarized in Table 1, together with flutter results from wind-
tunnel tests as reported by Ref. 12, and g-method results using lin-
ear aerodynamics. Flutter speed index and flutter frequency ratio
are derived from normalization provided in Ref. 8. The fact that
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Table 1 Flutter characteristics for the AGARD 445.6 wing, Mach 0.9

Flutter Flutter Flutter Flutter
speed, frequency, speed frequency

Method ft/s r/s index ratio

Wind-tunnel test 973.4 101.1 0.37 0.42
g method with 980.8 102.6 0.37 0.43

linear aero.
g method with ROM 920.4 104.2 0.35 0.44
k method with ROM 935.5 106.3 0.36 0.44

Fig. 6 ωVg plot from k-method flutter analysis using the GAF ROM: Mach 0.9.

Fig. 7 Comparison of ARMA model simulated response and measured CFD response to WGN excitation of the first elastic mode: Mach 0.9.

wind-tunnel tests and flutter analyses using linear and nonlinear
aerodynamics result in close flutter characteristics indicates that the
case at hand is only mildly nonlinear, and therefore it is somewhat
surprising that the CFD results deviate from linear results as much
as they do. It is possible that this deviation can be attributed to the
ROM. An indication for this is that latter flutter results, obtained
with a different time-domain ROM, as shown on Fig. 15, are much
closer to the wind-tunnel tests. Not only the ROM but also the flutter
method affects the flutter results. This is seen from Table 1 in com-
paring the flutter characteristics obtained by the g and k methods
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using the same ROM. Finally it is possible that it is the CFD method
and (or) grid that contribute to the discrepancies of Table 1. However,
this study intentionally stays away from general issues of CFD/grid
adequacy. The ROM method can be practiced with any CFD avail-
able and with typical-size grids.

Time-Domain GAF ARMA and State-Space Models
The FWGN data set was used for the identification of time-

domain GAF ARMA and state-space models. For the ARMA model,
the identification was based on as little as 128 data points, whereas
the rest of the data (213−128 points) served for model validation. The
model size that was found to best represent the identification data
is na = 4, nb = 8. The next two figures present results of identifica-

Fig. 8 Comparison of ARMA model simulated response and measured CFD response to sinusoidal excitation of the first elastic mode:
Frequency = 50 Hz, and Mach 0.9.

Fig. 9 Comparison of ARMA model simulated response and measured CFD response to FWGN excitation of the second elastic mode: Mach 0.9.

tion of responses to excitation of the first elastic mode, Mach 0.9.
Figure 7 presents response time histories, comparing the simulated
model output to measured CFD response. Only a small part of the
validation data is showing. The GAF ARMA model was also vali-
dated using responses to harmonic sinusoidal excitations of various
frequencies, in the frequency range of interest, and was found to be
very good representative of the system. Figure 8 shows a compari-
son of the time histories of GAF in response to sinusoidal excitation
of the first mode in frequency of 50 Hz, computed using the GAF
ARMA model and directly in a CFD run. As was the case for the
frequency-domain modeling, the GAF model for the response of the
third mode to excitation of the first mode is less accurate than the
others, but its amplitude is small compared to the other responses.
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The identification process was repeated for modes 2–4, us-
ing the same model orders. Figures 9–11 present time histo-
ries of responses to the validation data, comparing the simulated
model output to measured CFD responses, all showing excellent
agreement.

For the identification of a four-input/four-output state-space
model, the responses from the four CFD runs were concatenated
such that the validation data are now of size 4N by 4, where N
is the length of each data set (number of samples). It was neces-
sary to identify a four-input/four-output ROM rather than identify

Fig. 10 Comparison of ARMA model simulated response and measured CFD response to FWGN excitation of the third elastic mode: Mach 0.9.

Fig. 11 Comparison of ARMA model simulated response and measured CFD response to FWGN excitation of the fourth elastic mode: Mach 0.9.

a separate ROM for each mode because the latter would result in
four different state matrices. The state-space model is of order 12
and was evaluated based on 2048 samples of the identification data.
It was found that in order to accurately identify the four-by-four
model, longer data sets are necessary (2048 samples vs 128 in the
one-by-four case).

Figure 12 presents time histories of the response to FWGN ex-
citation of the first elastic mode, at Mach 0.9, comparing the state-
space four-by-four model simulated response and measured CFD
response.
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Fig. 12 Comparison of state-space model simulated response and measured CFD response to FWGN excitation of the first elastic mode: Mach 0.9.

Fig. 13 Pole map of the aeroelastic system at flutter dynamic pressure.

The accuracy of the three models, the frequency domain, ARMA,
and state-space, is evaluated based on their ability to reproduce the
validation data (which is different from the data that were used for
training). A fit parameter was defined as

η =



1 −

√√√
√

∑N
i = 1

(
FAi − F̂Ai

)2

∑N
i = 1 F2

Ai



 (18)

where FA and F̂A are the vectors of measured and simulated aero-
dynamic force, respectively. A fit parameter of 1 indicates a perfect
fit between the simulated and measured values. Table 2 presents

comparison of the fit parameters of the three models. These fit pa-
rameters were evaluated based on some validation data that con-
sist of the time histories of all generalized forces in response
to 1) FWGN excitation of the first elastic mode and 2) 10- and
50-Hz sinusoidal excitation of the first elastic mode. From Ta-
ble 2 it is seen that, based on the fit parameter of Eq. (18), the
various models are all good, and the choice of model will thus
be a function of the application for which the model is needed.
With regards to ease of implementation, all models are very easy
to implement, using MATLAB built-in functions and toolboxes.
The advantage of time-domain models over frequency-domain
models is that they require relatively short data sets for accurate
identification.
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Table 2 Comparison of models based on a fit parameter

Model Filtered WGN Harmonic 10 Hz Harmonic 50 Hz

Freq. resp. —— —— 0.9243
ARMA 0.9121 0.9487 0.9069

State space 1 × 4 0.9136 0.9479 0.9099
State space 4 × 4 0.9634 0.7021 0.7460

Fig. 14 Response of the aeroelastic system to initial conditions at V = 970 ft/s, below flutter speed.

Fig. 15 Response of the aeroelastic system to initial conditions at the flutter speed: V = 976 ft/s.

Time-Domain Flutter Analysis

The aerodynamic state-space model was combined with the struc-
tural discrete-time state-space model according to Eq. (16). The dy-
namic pressure was varied, and the flutter dynamic pressure was
found by examining the location of the roots of the discrete aeroe-
lastic system. Figure 13 presents the pole map of the aeroelastic sys-
tem at a dynamic pressure of 92 lb/ft2, at which the first root crosses
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Fig. 16 Response of the aeroelastic system to initial conditions at V = 980 ft/s, above flutter speed.

outside of the unit circle, indicating that the system is becoming
unstable. This crossover point corresponds to a flutter velocity of
V f = 976 ft/s and to flutter frequency of ω f = 110 rad/s. Figures 14,
15, and 16 present time histories of responses to initial conditions of
the aeroelastic system at velocities below, at, and above the flutter
velocity. These simulations execute in only a fraction of a second,
offering significant advantage over the very long execution time of
the full CFD-coupled aeroelastic simulation.

Summary
The paper presented three system-identification methods that

were used for the identification of unsteady aerodynamics linearized
reduced-order models (ROMs). A filtered white-Gaussian-noise
(FWGN) signal that was used for identification was found to be ap-
plicable within the computational-fluid-dynamics (CFD) code, and
resulted in very informative data sets. Three models were identi-
fied: a frequency-domain model, a time-domain ARMA model, and
a discrete-time state-space model. The models were validated based
on their ability to reproduce CFD responses to various excitations,
including a FWGN excitation and sinusoidal excitations of various
frequencies and were found to be very accurate. A fit parameter,
which is a measure of the model’s ability to reproduce CFD outputs,
was computed and was found to be close to a value of one for all
models, indicating high model accuracy. Frequency-domain ROMs
were used in flutter analyses based on the k and g methods. It was
demonstrated that with the spectral analysis identification approach
GAF matrices could be evaluated at many reduced frequency values
requiring only little computational cost. Time-domain ARMA and
state-space aerodynamic models were evaluated directly from the
time-domain CFD responses, and a state-space model of the aeroe-
lastic system was used for evaluation of the flutter boundaries via
root mapping. The estimated flutter boundaries were close to flut-
ter boundaries computed using CFD and linear aerodynamics and
to those from wind-tunnel tests. The state-space model provided a
means for very rapid simulations of the aeroelastic system compared
to the full time-stepping CFD aeroelastic analysis, and can serve in
future work for CFD-based aeroservoelastic analyses.

The ROM approaches presented in this study should be further
tested, possibly with more complex configurations and at clearer
nonlinear flow conditions. Based on the test case of this study, these
methods hold significant potential for producing CFD-based time-

and frequency-domain models. They can possibly eliminate the need
for rational function approximations in generating time-domain un-
steady aerodynamic models, and likely serve for modeling transonic
unsteady aerodynamics.
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